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1.  Introduction  and  Terminology 

"A  graph  G  is  claw- free  if  it  contains  no  induced  subgraph  isomorphic  to  the  complete 
bipartite  graph  Ki^  Such  graphs  have  been  widely  studied  with  respect  to  such  other 
graph  properties  as  matching  {efr- -Sumner  |43,  14)  and  Las  Vergnas  perfection  (cf. 
Parthasarathy  and  Ravindra  {9j},  vertex-packing  (cf.  Minty  [7]  and  Sbihi  [12|]P,  Hamilto¬ 
nian  cycles  and  related  questions  on  traversability  (cf.  Oberly  and  Sumner  [8],  Clark  jl| 
and  Kanetkar  and  Rao  [4])’' and  reconstruction^ (cf.  Ellingham,  Pyber  and  Yu  (2)). 

-  A  planar  graph  is  said  to  be  maximal  planar  (or  a  triangulation)  if,  given  any 
imbedding  of  G  in  the  plane,  every  face  boundary  is  a  triangle.  We  shall^ustf  the  abbre¬ 
viations  MAXP  and  CFMAXP^  for  the  properties  maximal  planar  and  elaw-frte  maximal 
planar  respectively.  (Recall  that  every  maximal  planar  graph  with  at  least  three  points  is 
either  the  complete  graph  or  else  is  3-connected  and  thus  it  follows  that  such  a  graph 
has  a  unique  imbedding  in  the  plane.) 

In  Section  2  of  this  paper,  we  present  a  constructive  characterization  of  the  family 
of  CFMAXP  graphs.  In  particular,  the  characterization  proceeds  as  follows.  First  it  is 
shown  that  if  G  is  a  3-connected  claw-free  planar  graph,  then  maxdeg  G  <  6.  We  then 
show  that  there  are  precisely  8  such  graphs  with  maiximum  degree  no  greater  than  5.  If 
G  is  CFMAXP  and  has  maxdeg  G  =  6,  then  G  must  have  separating  triangles  and  we  fix 
our  attention  on  these  next.  A  special  kind  of  separating  triangle,  called  a  separating 
345-triangle,  turns  out  to  be  the  key  to  the  characterization.  If  G  is  CFMAXP  and  has 
separating  triangles,  but  no  separating  345-triangles,  then  G  is  1  of  precisely  7  graphs. 
Finally,  if  G  has  a  separating  345-triangle,  we  show  that  G  must  belong  an  infinite  family 
of  graphs  which  can  easily  be  described  recursively. 

In  Section  3,  we  present  some  results  on  traversability  in  CFMAXP  graphs  and  in 
Section  4,  some  results  on  matching  for  this  family  of  graphs. 

Throughout  this  paper,  we  wri«e  u  ~  v  when  points  u  and  v  of  a  graph  are  joined  by 
a  line.  Also  if  F  is  a  face  of  a  planar  graph  G,  we  shall  write  dF  for  the  boundary  of  F. 

2.  The  Characterization 

First  it  will  be  shown  that  every  arbitrary  3-connected  claw-free  planar  graph  G  has 
maxdeg  G  <  6.  (That  is,  the  graph  need  not  be  maximal  planar.) 
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Theorem  2.1.  If  G  is  3-connected  claw-free  and  planar,  then 

(a)  maxdeg  G  <  6,  and 

(b)  if  V  has  degree  6  in  G,  then  v  lies  on  at  least  two  separating  triangles. 

Proof.  Suppose  that  point  v  €  V(G)  has  deg  v  >  7  and  suppose  the  neighbors  of  t; 
(in  clockwise  order)  are  Ui, . . .  ,tt7, . . .  ,u,,  where  r  >  7. 

First  suppose  all  faces  at  v  are  triangles.  We  claim  that  there  is  an  i  such  that 
Ui  ~  u, +2,  where  the  subscripts  are  taken  modulo  r.  If  ui  ~  U3  or  U3  ~  ub  we  are  done,  so 
suppose  neither  adjacency  holds.  Then,  since  there  is  no  claw  at  v,  we  must  have  ui  ~  U5. 
But  then  again,  since  there  is  no  claw  at  v,  either  U3  ~  Ub  or  Ub  ~  U7  and  the  Claim  is 
proved. 

So,  renumbering  if  necessary,  we  may  suppose  that  ui  U3.  Since  G[v,U2,Ur_2,Url 
is  not  a  claw,  Ur_2  ~  u^.  But  then  by  planarity,  G[v,U2,U4,Ur_i]  is  a  claw,  contrary  to 
hypothesis. 

So  we  may  suppose  at  least  one  of  the  faces  jP  at  v  is  not  a  triangle.  Without  loss  of 
generality,  suppose  lines  vui  and  VU2  lie  in  dF. 

1.  First  suppose  uj  7^  U2.  Then  by  claw-freedom,  either  ui  ~  U3  or  «2  ~  “s- 

1.1.  Suppose  that  U2  /  U3,  so  that  Ui  ~  U3.  Then  by  claw-freedom,  subgraph 
G[u4,  . . . ,  U7, . . . ,  Ur]  is  a  complete  graph  and  since  r  >  7  it  follows  that  G(v,  U4,  ub,  ue,  ur] 
is  isomorphic  to  K^,  contradicting  the  planau'ity  of  G  via  Kuratowski’s  Theorem. 

1.2.  So  suppose  U2  ~  U3.  Then  by  claw-freedom,  either  U4  ~  Uj  or  U4  ~  U2.  First, 
suppose  U4  ~  uj.  Then  by  claw-freedom,  G[v,U6,U6,U7, . . . ,Ur]  is  complete  and  since 
G  is  planar,  once  again  by  Kuratowski’s  Theorem,  we  have  r  =  7  and  G[v,  ub,U6,U7]  is 
complete.  But  then  G[v,ui,U2,U6l  is  a  claw,  a  contradiction. 

So  suppose  that  U4  ui  and  hence  U4  U2.  Then  G[v,ub,U6,U7,. . . ,Ur]  is  complete 
by  claw-freedom,  and  hence  G(v,  ui,U2,U6)  is  a  claw,  again  a  contradiction. 

2.  So  suppose  that  Ui  ~  U2.  Thus  since  dF  contains  at  least  4  points,  we  have  that 
{ui,U2}  is  a  2-cut  in  G,  contradicting  the  assumption  that  G  is  3-connected. 

This  completes  the  proof  of  (a). 

In  order  to  prove  (b) ,  let  us  suppose  that  deg  v  =  6  and  as  above,  let  the  neighbors  of 
V  in  clockwise  order  be  ui, . . .  ,U6.  By  claw-freedom,  we  may  assume  that  either  Ui  U2 
or  ui  ~  U3. 

1.  Suppose  tti  ~  U3.  Then  by  claw-freedom,  U4  ~  ue  and  we  have  point  v  lying  on  2 
separating  triangles  (vuiusv  and  VU4U6W)  as  claimed. 

2.  So  suppose  that  ui  /  U3  and  hence  ui  ~  U2.  By  symmetry,  we  may  also  suppose 

that  U2  /  U4,  U3  /  Ub,  U4  /  ue,  ub  /  Uj  and  ue  /  U2.  But  then  G[u,Ui,U3,ub|  is  a  claw, 
contrary  to  hypothesis.  | 

We  then  have  the  following  immediate  corollary. 

Corollary  2.2.  If  G  is  a  3-connected  claw-free  planar  graph  with  no  separating 
triangle,  then  maxdeg  G  <  5.  | 

We  are  now  prepared  to  find  all  claw-free  maximal  planar  graphs  containing  no  sepa¬ 
rating  triangle. 
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Figure  1 
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Theorem  2.3.  Let  G  be  a  CFMAXP  graph  with  no  separating  triangle.  Then: 

(a)  if  maxdeg  G  =  2,  G  =  Kz; 

(b)  if  maxdeg  G  =  3,  G  =  K4] 

(c)  if  maxdeg  G  =  4,  G  is  the  octahedron  (cf.  graph  G(6)  in  Figure  1); 

(d)  and  if  maxdeg  G  =  5,  then  G  is  one  of  the  five  graphs  G(7),  G(8),  G(9),  G(10)  or 
G(12)  shown  in  Figure  1. 

Proof.  Parts  (a)  and  (b)  are  trivial. 

(c)  Suppose  maxdeg  G  =  4  =  deg  u.  Let  the  4  neighbors  of  v  be  ui,U2,U3  and  U4  (in 
a  clockwise  orientation  about  u).  Since  G  is  MAXP,  ui  ~  uj  ~  as  ~  U4  ~  uj  and  the  four 
corresponding  triangles  are  faces.  Moreover,  again  since  G  is  MAXP,  cycle  U1U2U3U4U1  is 
not  a  face  bound2U'y  in  G.  So,  without  loss  of  generality,  we  may  assume  deg  ui  =  4.  Let 
10  be  the  fourth  neighbor  of  ui.  Then  by  MAXP,  w  uz  and  w  ~  U4.  But  now  since 
deg  U2  =  4,  we  have,  by  MAXP,  that  to  ~  U3  and  hence  G  is  the  octahedron. 

(d)  Finally,  suppose  that  maxdeg  G  =  5  =  deg  v.  As  before,  let  {ui,...,U6}  be  the 
neighbors  of  v  in  a  clockwise  orientation  about  v.  By  MAXP,  ui  ~  tt2  ~  us  ~  U4  ~  Us  ~ 
«i.  As  before,  we  may  assume  without  loss  of  generality  that  deg  Ui  >  4. 

Since  G  has  no  separating  triangle,  we  may  assume  that  ui  /  U3  and  Ui  /  U4.  So  let 
Wi  ^  {tt2,U3,U4,U6}  be  a  fourth  neighbor  of  Uj.  There  are  two  cases  to  consider. 

1.  First  suppose  that  deg  ui  =  4.  Then  by  MAXP,  tx>i  ~  U2  and  u$.  If  deg  toj  =  3, 
then  by  MAXP,  U2  ~  U6  and  we  get  a  separating  triangle  vu6toiU2V,  a  contradiction.  So 
deg  Wi  >  4. 

1.1  Suppose  deg  Wi  =  4. 

1.1.1.  Suppose  wi  ~  U3.  Then,  since  G  is  3-connected,  triangle  xviuzuz^i  is  a  face 
and  deg  U2  =  4.  Now  U3  /  us  since  G  contains  no  separating  triangle.  But  deg  twi  =  4 
then  implies  that  G  is  not  MAXP,  a  contradiction. 

1.1.2.  So  suppose  that  wi  /  U3.  By  synunetry,  we  may  also  assume  that  iwi  /  U4.  So 
let  I  be  the  fourth  neighbor  of  u/i,  x  ^  {ui,U2,  us}.  By  MAXP,  x  ~  U2,U6  and  triangles 
u>iiU2  and  Wizue  are  face  boundaries.  Moreover,  deg  U2  =  deg  us  =  5.  Thus  MAXP 
Implies  that  x  ~  U3,U4  and  hence  deg  z  =  5.  So  triangles  U2ZU3  and  U6ZU4  are  face 
boundaries  and  by  3-connectedness,  deg  «3  =  deg  U4  =  4.  Thus  we  get  graph  G(8)  on  8 
points. 

1.2.  So  suppose  deg  wi  =  5. 

1.2.1.  Suppose  Wi  ~  U3. 

Then  since  G  has  no  separating  triangle,  triangle  xviuzuz  is  a  face  and  hence  deg  U2  = 
4. 

Now  suppose  that  tvi  ~  U4.  Then  deg  wi  =  5  implies  that  triangle  u>iU6U4  is  a  face 
as  is  triangle  wiuzti^.  So  G  must  be  the  7  point  graph  G(7). 

So  suppose  that  wi  /  U4.  Let  z  be  the  fifth  neighbor  of  lUi.  Since  deg  twi  =  5  and  G 
is  MAXP,  it  follows  that  «  ~  us  and  hence  deg  us  =  5,  so  triangle  wiusz  is  a  face  as  is 
triangle  But  then  by  MAXP,  it  follows  that  z  ~  U3,  deg  us  =  5  and  triangle  zwiUz 

is  a  face.  Hence  by  3-connectedness,  G  is  the  8-point  graph  shown  in  Figure  2.  But  we 
have  drawn  and  labeled  it  there  so  that  it  is  obvious  that  it  is  isomorphic  to  graph  G(8) 
of  Figure  1. 
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Figure  2 
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1.2.2.  So  suppose  that  Wi  U3  (and  by  symmetry,  that  mi  /  U4  as  well).  Let 
the  fourth  and  fifth  neighbors  of  mi  be  z\  and  So  we  may  assume  by  MAXP  that 
U5  ~  2i  ~  22  ~  U2.  But  then  deg  mi  =  5  implies  that  all  triangles  at  mi  are  faces. 
Furthermore,  we  also  have  that  deg  U2  =  deg  us  =  5.  Hence  MAXP  implies  that  21  ~  U4 
and  22  ~  U3.  Also  triangles  21USU4  and  22U2U3  are  both  faces. 

Now  suppose  that  21  U3.  Then  we  must  have  that  G  is  the  9  point  graph  G(9)  of 

Figure  1. 

So  suppose  that  21  ■/  U3  and  by  symmetry  that  22  /  U4.  By  MAXP,  21  must  have 
a  fifth  neighbor  a.  Again  by  MAXP,  point  or  ~  22  and  triangle  olZ\Z2  must  be  a  face.  So 
deg  22  =  5.  Thus  a  U3,U4.  So  then  deg  U3  =  deg  U4  =  5  and  G  is  the  10  point  graph 
G(10)  of  Figure  1. 

2,  So  suppose  that  deg  ui  =  5.  By  symmetry,  we  may  also  assume  that  deg  U2  = 
deg  U3  =  deg  U4  =  deg  us  =  5  as  well.  Let  the  remaining  2  neighbors  of  ui  be  ai  and  Pi 
in  clockwise  order  about  ui.  So  triangle  aiPiUi  is  a  face  boundary.  The  fifth  neighbor  of 
tt2  cannot  be  ai,U4  or  us  since  G  contains  no  separating  triangle.  So  let  this  fifth  neighbor 
be  02  where  02  ^  {v, ui, , . . , «6> Then  we  must  have  03  ~  Let  the  fifth 

neighbor  of  U3  be  03.  Now  03  ^  since  there  are  no  separating  triangles. 

2.1.  First  suppose  03  =  oi. 

Now  suppose  deg  Px  =  4.  Then  by  MAXP,  oi  ~  03-  So  deg  oi  =  5  and  then 
3-connectedness  implies  that  deg  U4  =  3  and  deg  uj  =  4.  Thus  G  is  not  MAXP,  a  contra¬ 
diction. 

So  suppose  that  deg  pi  =  5.  Let  7  be  the  fifth  neighbor  of  /?i.  Then  MAXP  implies 
that  7  ~  03  and  7  ~  ai.  But  then  3-connectedness  implies  that  deg  U4  =  3  and  deg  us  =  4 
and  once  again  we  contradict  the  hypothesis  that  G  is  MAXP. 

2.2.  So  suppose  that  03  /  oi.  Thus  03  ^  {v,ui,...,U5,ai,/?i,a3}.  But  then 
deg  U3  =  5  and  MAXP  implies  that  03  ~  03, U4. 

2.2.1.  Suppose  U4  ~  Oi.  By  MAXP  we  must  have  oi  ~  03  and  hence  deg  Oi  =  5. 
But  then  again  by  MAXP  we  must  have  03  ~  Pi  and  deg  03  =  5.  Hence  deg  Pi  =  5.  So 
G  is  the  graph  shown  in  Figure  3  which  is  isomorphic  to  graph  G{10). 
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Figure  3 


2.2.2.  So  suppose  U4  /  ai. 

2.2.2. 1.  Suppose  U4  ~  0\.  Then  deg  U4  =  deg  =  5  and  by  3-connectedness  we  have 
deg  Us  =  4  and  deg  0:1  =  3.  But  this  contradicts  MAXP. 

2.2.2. 2.  So  we  may  assume  that  U4  7^  au0i-  So  let  the  fifth  neighbor  of  U4  be  0:4. 
Since  deg  U4  =  5  and  since  G  is  MAXP  it  follows  that  04  ~  0:3,  us.  So  deg  U5  =  5  and 
hence  04  ~  ai.  (At  this  point,  we  have  the  graph  shown  in  Figure  4.) 


Figure  4 

Now  let  us  consider  the  possibilities  for  point  aj. 

If  ai  ~  02,  then  the  degree  of  each  is  5.  But  then  by  3-connectedness,  {03,04}  does 
not  contain  a  cutset  of  C,  and  hence  deg  04  =  deg  03  =  4.  But  this  contradicts  MAXP. 

If  oi  ~  03,  we  get  a  similar  contradiction. 

Next  suppose  that  oi  has  a  fifth  neighbor  05,  where  05  ^  {/9i,ui,U6,04}.  Then  since 
deg  oi  =  5  it  follows  that  05  /?i,04.  Then  deg  /?i  =  5  and  hence  ob  ~  02.  Hence 
deg  02  =  deg  04  =  5  and  since  G  is  MAXP,  it  follows  that  03  ~  05.  So  G  must  be  the 
icosahedron  labeled  G(12)  in  Figure  1. 

So  finally  suppose  that  deg  oi  =4.  By  symmetry,  we  may  also  suppose  that  deg  /?i  = 
4.  But  then  we  contradict  the  fact  that  G  is  MAXP  and  the  proof  of  the  theorem  is 
complete.  | 

We  now  fix  our  attention  on  CFMAXP  graphs  which  contain  separating  triangles. 

The  concepts  of  a  5-triangle  and  a  S45-nest  will  prove  central  to  our  considerations. 
Any  triangle  (not  necessarily  a  face  boundary)  in  a  CFMAXP  graph  G  naturally  separates 
the  plane  into  two  open  regions  Ri  and  i?2  where,  without  loss  of  generality,  we  will  call 
Ri  the  interior  of  the  triangle.  Now  let  T3  be  such  a  triangle  in  CFMAXP  graph  G  where 
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V(r3)  =  {01,02,03}  and  o,  sends  i  lines  into  region  722-  We  will  call  such  a  triangle  T3  an 
(interior)  345-triangle. 

Now  suppose  y  >  0  points  of  G  lie  interior  to  345-triangle  T3.  If  j  =  0  then  Ts  is  a 
face  boundary.  In  this  case,  denote  the  triangle,  together  with  the  half-lines  in  region  J22 
incident  with  the  three  points  of  T3,  by  Nq. 

Next,  suppose  j  =  1.  Suppose  04  is  the  only  point  of  G  interior  to  T3.  Now  since  G 
is  3-connected,  point  04  is  adjacent  with  all  three  points  01,02  and  03.  So  by  Theorem 
2.1,  deg  03  =  6  and  triangles  030401  and  03O4O2  are  face  boundaries.  Since  there  are  no 
other  points  interior  to  T3,  triangle  040102  is  also  a  face  boundary.  Denote  this  4  point 
configuration  including  the  5  half-lines  emanating  from  01,02  and  03  into  the  exterior 
region  R2  by  Ni. 

If  y  =  2,  and  04  and  05  are  the  two  interior  points,  then  without  loss  of  generality,  we 
may  assume  that  04  is  adjacent  to  0i;02  and  03  and  by  Theorem  2.1,  deg  03  =  6.  Hence 
triangles  030401  and  030402  are  face  boundaries.  So  05  is  interior  to  triangle  01O2O4  and 
by  3-connectedness,  05  ~  01,02  and  04.  Hence  all  three  triangles  at  05  are  face  boundaries. 
Denote  the  5-point  configuration  (together  with  the  5  half-lines  into  region  R2)  by  JV’2. 

Suppose  y  =  3  and  that  points  04,05  and  03  are  interior  to  T3.  Then  without  loss  of 
generality,  we  may  assume  that  04  ~  01,03,03,  05  ~  01,03  and  04,  that  oe  is  interior  to 
triangle  01O4O6  and  that  03  ~  01,04  and  05.  So  we  have  7  triangular  faces  interior  to  T3. 
Denote  the  resulting  6  point  configuration  (together  with  the  half-lines  into  R2)  by  N3. 

In  Figure  5,  we  display  configurations  No,Ni,N2  and  N3.  (It  is  important  to  realize 
that  the  triangle  040503  is  also  a  345-triangle.) 


Figure  5 
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Now  we  continue  to  define  Nj\  j  >  4,  inductively  as  follows.  Suppose  that  points 
01,02, ...  ,a«,  3  <  j,  have  been  labeled  so  that  o*  is  adjeu:ent  to  o«-i,Oa-2  and  Os-a- 
Then  there  remain  j  —  s  >  0  points  interior  to  345-triangle  T,  =  o,o,_iO,_2.  Since 
deg  Oa-2  <  6  and  Tg  is  a  separating  triangle,  it  follows  that  o«_2  is  adjacent  to  exactly  one 
point  interior  to  T,.  Label  this  point  o,+i.  Then  deg  o,_2  =  6  and  by  MAXP  we  must 
have  o«4.i  ~  Oa,o«_i  and  triangles  o«4.io«_ia«-2  and  o«+iOaO,-2  must  be  face  boundaries. 

In  this  way,  a  unique  labeling  of  ail  t  points  interior  to  T3  is  obtained  and  the  struc¬ 
ture  of  G  interior  to  T3  is  completely  determined.  Call  the  subgraph  of  G  induced  by 
{oi, . . .  ,oy}  together  with  the  half-lines  from  points  01,02  and  03  into  region  R2  the  (in¬ 
terior)  345-nest  Nj  based  at  01,02  and  03. 

Now  suppose  interior  345-nest  Nj  forms  part  of  a  CFMAXP  graph  G.  Let  the  unique 
exterior  neighbor  of  Oi  be  61.  Since  line  0161  is  the  only  line  from  oi  to  the  exterior  region 
R2,  it  must  be  the  case  that  61  —  02,03  and  triangles  5i0i02  and  friOiOs  must  be  face 
boundaries.  Let  62  be  the  second  neighbor  of  02  in  R2.  Then  since  0261  and  0262  are 
the  only  two  lines  from  02  into  R2,  triangles  a2byb2  and  0252^3  must  be  face  boimdzu’ies. 
Finally,  let  63  be  the  third  point  in  R2  adjacent  to  03.  Then  63  ~  61,62  a.nd  triangles 
6361 03  and  6362O3  are  also  face  boundaries.  (See  Figure  6.) 


Figure  6 

Moreover,  we  now  see  that  the  three  points  of  triangle  616363  send  3,  2  and  1  lines 
respectively  into  region  Ri.  Thus  we  may  call  triangle  616363  =  an  (exterior)  S^S- 
iriangle.  Clearly,  if  fc  >  0  points  of  G  lie  in  i22,  but  exterior  to  T3,  we  can  repeat  our 
argument  about  the  interior  of  triangle  Ta  to  conclude  that  the  k  points  of  G  exterior  to 
T3  can  be  labeled  64,65, ...  ,6;^.i.3  so  that  64  ^  61,62  and  63,  65  ~  61,63  and  64,  6g  ~  61,64 
and  65  and  for  fc  >  4,  6^+3  ~  bk+2,bk+i  and  6*.  We  call  the  resulting  configuration 
(together  with  the  6  half-lines  from  61,63  and  63  into  the  interior  of  triangle  616363  =  T3) 
an  exterior  nest  Nj^.  Finally,  we  call  graph  G  the  amalgamation  of  nests  Nj  and  Nj^ 
at  triangle  T3  =  aiaao^  and  write  G  as  Nj  Q)  Nj^. 
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We  have  thus  proved  the  first  half  of  the  following  theorem. 

Theorem  2.4.  Given  any  CFMAXP  graph  G  with  a  separating  (interior)  345-triangle 
Ta  =  oioaca,  G  can  be  expressed  as  the  amalgamation  of  2  nests  Nj  ©  Nj^  at  T3. 

Conversely,  the  amalgamation  of  2  nests  Nj  0  JVj(  at  a  345-triangle  T3,  j  >  1,  k  >0 
results  in  a  CFMAXP  graph. 

Proof.  To  prove  the  second  half  of  this  theorem,  we  need  only  check  that  Nj  0  Nj^ 
is  claw-free.  Moreover,  by  MAXP,  we  need  only  check  for  claws  at  points  of  degree  6. 
Finally,  by  symmetry,  it  suffices  to  check  only  those  points  of  degree  6  in  the  nest  Nj  and 
therefore  in  the  graph  Gj  =  Nj  0  Nq,  for  t  >  1. 

It  is  easy  to  check  by  hand  that  Gq^Gi^Gz  and  G3  have  no  claws.  (They  have  0, 1,2 
and  3  points  of  degree  6  respectively.) 

Now  suppose  Gr  has  no  claws  for  3  <  r  <  t  and  consider  graph  Gr+\.  Graph 
is  obtained  from  Gr  by  inserting  one  new  point  ar+4  inside  triangle  ar+sOr+aOr+i  in  Gr 
and  joining  ar+4  to  each  of  these  3  points.  The  only  newly  formed  point  of  degree  6  is 
Cr+i  which  is  adjacent  to  ar,a,._i  and  Or-j  by  definition  of  Gr-i^Gr-i  and  Gr,  as  well 
as  to  ar+2,ar+3  and  ar+4.  Now  in  Gr+i,  there  are  6  triangular  faces  at  point  ar+4.  In 
addition,  Ur+a  ~  ar+2  by  definition  of  Gr  and  Ur-i  Ur-a  by  definition  of  Gr-3.  It  thus 
follows  that  there  are  no  claws  at  ar+i. 

Thus  Gr+i,  and  hence  by  induction,  all  Gy’s  are  claw-free.  | 

Corollary  2.5.  Let  G  be  CFMAXP  with  a  separating  345-triangle.  Then  G  contains 
precisely  2  points  of  degree  3. 

Proof.  From  the  preceding  theorem  we  can  write  G  =  JVy  ©  Nj^  and  each  of  the  2 
nests  contains  exactly  1  point  of  degree  3.  | 

Now  with  the  idea  of  separating  345-triangles  in  mind,  we  can  proceed  with  our 
characterization  of  CFMAXP  graphs. 

Theorem  2.6.  Suppose  graph  G  is  CFMAXP  with  a  separating  triangle,  but  no 
separating  345-triangle.  Then  G  must  be  one  of  the  7  graphs  displayed  in  Figure  7. 

Proof.  Let  T  =  abc  be  a  separating  triangle.  From  Theorem  2.1  we  know  that 
maxdeg  G  <  6.  Moreover,  by  3-connectedness,  we  know  that  each  of  the  points  a,  b  and 
c  sends  at  least  one  line  interior  to  T  and  at  least  one  line  exterior  to  T.  We  proceed  to 
check  all  possibilities.  For  x  =  a,b  and  c,  let  us  denote  by  m*  and  n*  the  number  of  lines 
from  X  into  the  interior  of  T  and  into  the  exterior  of  T  respectively. 

1.  mo  =  mj  =  me  =  1. 

1.1.  Suppose  tio  =  rifc  =  ric  =  1.  There  must  be  a  neighbor  ui  of  both  a  and  b  in  the 
interior  of  T  such  that  triangle  abui  is  a  face.  Then  c  ~  Uj  too  and  all  triangles  at  ui 
must  be  face  boundaries.  Similarly  in  the  exterior  of  T.  Thus  G  must  be  isomorphic  to 
G(5)  in  Figure  7. 

1.2.  Suppose  rio  =  2  and  nj  =  Uc  =  1.  Let  the  exterior  neighbors  of  a  be  U] 
and  uj.  Then  deg  o  =  5  and  by  MAXP,  ui  ~  U2  ~  5  and  ui  ~  c.  So  all  triangles 
auiU2,au2b,abv,avc,acui  must  be  face  boundaries.  Since  G  is  MAXP,  there  must  be  a 
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point  U3  exterior  to  the  quadrilateral  bcuiU2.  But  then  {uiyUj}  must  contain  a  cut  in  G, 
contrary  to  3-connectedness. 

1.3.  Suppose  rio  =  3  and  nj,  =  ric  =  1.  Let  the  exterior  neighbors  of  a  be  Ui,U2  and 
U3.  Then  deg  a  =  6,  so  c  ~  ui  ~  U2  ~  U3  ~  6  and  we  must  have  6  triangular  faces  at 
o.  Since  there  is  no  claw  at  a,  ui  ~  U3.  Also  since  deg  6  =  4,  tri2mgie  bvc  must  be  a 
face.  But  then  since  quadrilateral  bcuiuz  is  not  a  face,  {ui,U3}  must  contain  a  cut  in  G, 
contradicting  3-connectedness. 

1.4.  Suppose  Ua  =  Mb  =  2  and  ric  =  1.  Again  let  uj  and  U2  be  the  exterior  neighbors 
of  a.  Again  we  must  have  c~ui  ~U2~6  and  5  triangular  faces  at  point  a.  Also,  since 
deg  c  =  4,  triangle  ci;6  is  also  a  face. 

1.4.1.  Suppose  the  second  exterior  neighbor  of  6  is  Ui.  Then  triangle  6uiU2  must  be 
a  face  as  must  triangle  6cui.  so  we  obtain  graph  G(6a)  shown  in  Figure  7. 

1.4.2.  So  suppose  the  second  exterior  neighbor  of  6  is  point  U3,  U3  ^  Ui.  Then 
deg  6  =  5  and  by  MAXP  we  have  U2  ~  U3  and  U3  ~  c.  But  this  contradicts  the  assumption 
that  Uc  =  1. 

1.5.  Suppose  fia  =  3,  Uft  =  2  and  ric  =  1.  Let  the  remaining  three  exterior  neighbors  of 
a  be  ui,U2  and  U3  labeled  so  that  the  clockwise  order  of  all  5  neighbors  of  a  is  6,c,  ui,  U2,  U3. 
Then  since  deg  6  =  6,  we  must  have  c  ~  Ui  ~  U2  ~  U3  ~  6.  Since  there  is  no  claw  at  a, 
points  and  U3  must  be  adjacent.  So  there  are  6  triangular  faces  at  point  a  and  since 
deg  c  =  4,  it  follows  that  triangle  cvb  is  also  a  face.  Since  G  is  MAXP,  it  follows  that 
ui  ~  6  and  hence  triangle  Ui6c  is  a  face.  Furthermore,  deg  6  =  5  implies  that  there  are  no 
more  points  outside  triangle  buiUs]  i.e.,  triangle  6U1U3  is  also  a  face  boundary. 

Now  if  there  are  any  points  exterior  to  triangle  uiU2«3,  then  triangle  uia2U3  is  a 
separating  345-triangle,  contrary  to  assumption.  So  triangle  U1U2U3  is  a  face  boundary 
as  well.  So  graph  G  has  7  points,  but  contains  a  separating  345-triangle,  namely  UiU^a, 
contrary  to  assumption. 

1.6.  Suppose  Tifl  =  Tifc  =  3  and  Ug  =  1. 

So  c  ~  Ui  ~  U2  ~  U3  ~  6  and  we  have  6  triangular  faces  at  o.  Also,  since  there  is  no 
claw  at  o,  we  have  ui  ~  U3.  Moreover,  6  ~  Ui  and  triangle  6cui  is  a  face,  since  deg  c  =  4 
and  G  is  MAXP.  Let  U4  be  the  sixth  neighbor  of  6.  Then  U4  is  in  the  interior  of  triangle 
uiusb.  Since  deg  6  =  6,  we  have  U4  ~  U3,  ui  and  six  triangular  faces  at  point  6.  But  then 
G[ui,c,U2,U4|  is  a  claw,  contrary  to  hypothesis. 

1.7.  Suppose  Tia  =  ni,  =  rie  =  2. 

Let  ui  and  U2  be  the  two  exterior  neighbors  of  a.  Then  c~ui~U2~6  and  there 
are  5  triangular  faces  at  a.  Since  G  is  planar,  there  exists  a  point  U3  exterior  to  the 
quadrilateral  bcuiU2  such  that  either  6  or  c  is  adjacent  to  U3.  By  symmetry,  without  loss 
of  generality,  we  may  suppose  that  6  ~  U3.  Since  deg  6  =  5,  c  ~  U3  ~  U2  and  there  must 
be  5  triangular  faces  at  6.  Since  deg  c  =  5,  uj  ~  U3  and  triangle  u\cuz  is  a  face  boundary. 

1.7.1.  Suppose  deg  U3  =  4. 

Then  triangle  U1U2U3  is  a  face  boundary  and  G  must  be  the  7  point  graph  G(7a). 

1.7.2.  Suppose  deg  U3  =  5. 

Then  let  U4  be  the  fifth  neighbor  of  U3.  Since  deg  U4  =  5  it  follows  that  U4  ~  ui,U2 
and  there  are  5  triangular  faces  at  U3. 

1.7.2. 1.  Suppose  deg  U4  =  3. 
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Then  G  must  be  the  8  point  graph  G(8a). 

1.7. 2. 2.  Suppose  deg  U4  =  4. 

Let  U6  be  the  fourth  neighbor  of  U4.  Then,  since  deg  U4  =  4,  it  follows  that  u$  ~ 
ui,U2  and  that  there  are  4  triangular  faces  at  U4.  But  then  G[ui,ai,U3,U6]  is  a  claw,  a 
contradiction. 

1.7. 2. 3.  Suppose  deg  U4  =  5. 

Let  the  2  remaining  neighbors  of  U4  be  U5  and  Ue.  Since  deg  U4  =  5,  we  may  suppose 
that  Us  ~  ui,U6i  U6  ~  U2  and  that  there  are  5  triangular  faces  at  U4.  Moreover,  since  G  is 
MAXP,  there  exists  a  point  w  in  the  exterior  of  quadrilateral  U1U2U5U6.  But  then  deg  ui  = 
deg  U2  =  6  implies  that  {u5,U6}  contains  a  cutset  of  G,  contradicting  3-connectedness. 

1. 7.2.4.  Finally,  suppose  deg  U4  =  6. 

Let  U6,U6,U7  be  the  3  remaining  neighbors  of  U4.  Then  we  may  suppose  that  ui  ~ 
Us  ~  Ue  ~  U7  ~  U2  and  there  are  6  triangular  faces  at  U4.  Since  there  is  no  claw  at 
U4,  points  Us  and  U7  are  adjacent.  But  then  since  {us,U7}  is  not  a  cutset  and  since 
deg  u\  =  deg  U2  =  6,  quadrilateral  U1U2U7U6  must  be  a  face  boundary,  contrary  to  the 
MAXP  hypothesis. 

1.7.3.  So  we  may  suppose  deg  U3  =  6. 

Let  u>4  and  u>s  be  the  remaining  2  neighbors  of  U3.  Then  we  may  suppose  that 
104  ~  Ui,i06,  u/s  ~  U2  and  that  there  are  6  triangular  faces  at  U3.  Since  there  is  no  claw 
at  U3,  it  follows  that  ws  ~  uj.  So  deg  Uj  =  6  and  there  are  6  triangular  faces  at  point  uj. 
But  then  G(u3,c,U2,u;4]  is  a  claw  at  U3,  a  contradiction. 

1.8.  Suppose  ria  =  3  and  nt  =  Uc  =  2. 

As  before,  since  deg  o  =  6,  it  follows  that  c~Ui'^U2~U3~i)  and  there  are  6 
triangular  faces  at  o.  Moreover,  ui  U3  since  there  is  no  claw  at  a. 

1.8.1.  Suppose  6  ~  Ui. 

Since  deg  6  =  5,  triangle  bu  1U3  must  be  a  face  boundary.  Suppose  deg  ui  =  5.  Then 
triangle  usUio  is  a  separating  345-triangle,  contrary  to  hypothesis.  So  deg  uj  =  6.  Let  U4 
be  the  sixth  neighbor  of  U].  If  U4  is  interior  to  triangle  U1U3U2,  triangle  UiU^a  is  again 
a  separating  345-triangle.  So  U4  is  exterior  to  triangle  Ui6c  and  hence  triangle  U1U2U3 
is  a  face  boundary.  On  the  other  hand,  deg  uj  =  6  implies  that  U4  ~  6, c.  But  then 
G{6,v,U3,U4l  is  a  claw,  a  contradiction. 

1.8.2.  So  we  may  suppose  that  6  and  Uj  are  not  adjacent. 

By  symmetry,  we  may  also  suppose  that  c  and  U3  are  not  adjacent  as  well.  Let  w  be 
the  fifth  neighbor  of  6.  Since  rria  =  mj,  =  =  1,  point  w  must  lie  outside  quadrilateral 

6CU1U3.  But  then  deg  6  =  5  implies  that  w  ~  c,U3,  uj  and  that  there  are  5  triangular  faces 
at  6  and  at  c. 

1.8.2. 1.  Suppose  deg  ui  =  5. 

Then  triangles  U1U2U3  and  uiUytu  must  be  face  boundaries  and  G  must  be  the  8  point 
graph  G(86). 

1.8.2.2.  So  suppose  deg  uj  =  6. 

Let  I  be  the  sixth  neighbor  of  uj.  If  x  is  interior  to  triangle  uiU2“3t  then  G[«i,x,o,u;] 
is  a  claw,  while  if  x  is  exterior  to  triangle  U1U2U3,  then  G[ui,i,U2,c]  is  a  claw. 

1.9.  Suppose  ria  =  rtj,  =  3  and  rie  —  2.  Once  again,  let  Ui,U2  and  U3  be  the  3 
neighbors  of  a  exterior  to  triangle  abc  (where  we  shall  assume  that  ui,U2,U3,6  and  c  are 
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in  clockwise  order  about  point  a).  Then  C'^ui~U2~U3~  &  and  there  are  6  triangular 
faces  at  a.  Moreover,  since  there  is  no  claw  at  a,  points  ui  and  U3  must  be  adjacent. 

1.9.1.  Suppose  6  ~  ui. 

If  w  is  exterior  to  triangle  uibc,  then  G(6,  tx;,t;,U3]  is  a  claw  at  b.  So  w  is  interior 
to  triangle  U1U36.  So  deg  6  =  6  and  by  MAXP  it  follows  that  u;  ~  U3  and  there  are  6 
triangular  faces  at  6.  But  this  contradicts  the  assumption  that  rie  —  2. 

1.9.2.  So  suppose  6  7^  ui  (and  by  symmetry,  that  c  /  ua). 

So  let  wi  and  toa  be  the  two  neighbors  of  6  outside  quadrilateral  6CU1U3.  Since 
deg  6  =  6,  by  MAXP  we  may  assume  that  ttfi  ~  c  and  W2  ~  U3.  Moreover,  since  there  are 
6  triangular  faces  at  6,  it  must  also  be  the  case  that  wi  ~  W2  and  triangle  bwiW2  is  one  of 
these  faces.  Since  there  is  no  claw  at  6,  points  lUi  and  U3  are  adjacent.  So  deg  U3  =  6  and 
therefore,  triangles  uiuauo  and  U3u;iu;a  are  also  face  boundaries.  Finally,  also  by  MAXP, 
it  must  be  that  ui  ~  tvi  and  the  triangle  utuswi  must  be  the  boundary  of  the  infinite  face 
at  U3. 

Now  if  deg  ui  =  5,  then  triangle  uiWiC  is  a  face  boundary  and  G  is  the  9  point 
graph  G(9a).  So  suppose  that  deg  ui  =  6.  Let  the  sixth  neighbor  of  ui  be  wz.  Then  W3 
must  lie  in  the  interior  of  triangle  uicwi.  But  then  by  MAXP,  W3  ~  c,  contradicting  the 
assumption  that  =  2. 

1.10.  Suppose  Ua  =  ni  =  Tic  =  3. 

Again,  let  the  six  neighbors  of  a,  in  a  clockwise  orientation,  be  6,v,c,ui,ua  and  U3. 
As  before,  6  ~  ui  ~  ua  ~  U3  ~  6,  there  are  six  triangular  faces  at  point  a  and  since  there 
is  no  claw  at  a,  points  ui  and  U3  are  adjacent. 

1.10.1.  Suppose  6  ~  ui. 

Let  10 1  be  the  sbcth  neighbor  of  point  6.  If  u/i  lies  in  the  exterior  of  triangle  ui6c,  then 
G(6,  tui,v,U3]  is  a  claw.  So  iwi  must  lie  in  the  interior  of  triangle  U1U36.  Since  deg  6  =  6 
and  by  MAXP  we  have  Wi  ~  U3,  wi  ~  ui  and  triangles  wibui  and  u;iU3Ui  must  be  face 
boundaries.  But  then  G[ui,U2,t«i,c]  is  a  claw  at  ui. 

1.10.2.  So  suppose  6  /  ui  (and  by  symmetry,  c  /  U3). 

Let  u/i  and  tt/a  be  the  remaining  2  neighbors  of  6  so  that  in  a  clockwise  order,  the  6 
neighbors  of  6  are  a,U3,u;2,u;i,c  and  v.  Then  c  ~  tui  ~  U’a  ~  U3  and  there  are  6  triangular 
faces  at  6.  Since  there  is  no  claw  at  6,  wi  ~  U3.  Also  since  deg  U3  =  6,  it  follows  that 
triangle  U3XV2W1  is  a  face  boundary,  Ui  ~  w\  and  triangle  U1U3W1  is  a  face  boundary,  and 
finally,  that  triangle  uiUaU3  is  a  face  boundary. 

Now  let  W3  be  the  sixth  neighbor  of  c.  Then  W3  is  interior  to  triangle  uicwi.  Also 
deg  c  =  6  implies  that  W3  ~  ui,u;i,  that  there  are  6  triangular  faces  at  c  and  hence  also 
at  ui.  So  G  must  be  the  10  point  graph  G(lOo).  This  completes  Case  1. 

2.  Suppose  ma  =  2  and  mj,  =  rric  =  1. 

Let  the  interior  neighbors  of  a  be  ui.ua.  Then  we  may  suppose  that  c  ~  Ui  ~  Ua  ~  6 
and  triangles  acui,auiU2  and  aua6  must  be  face  boundaries.  However,  since  {ui,U2}  does 
not  contain  a  cutset  of  G,  it  follows  that  quadrilateral  6cuiua  is  a  face  of  G.  But  this 
contradicts  the  hypothesis  that  G  is  MAXP. 

3.  Suppose  rria  =  3  and  =  me  =  1. 

Arguing  in  a  manner  similar  to  that  in  Case  2,  it  is  easily  seen  that  the  interior  face 
which  contains  line  be  in  its  boundary  cannot  be  a  triangle.  So  once  again,  MAXP  is 
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contradicted. 

4.  Suppose  rria  =  mj,  =  2  and  rric  =  1. 

Let  ui  and  U2  be  the  2  interior  neighbors  of  a  so  that  c~Ui~U2~fc  and  triangles 
acux,auiU2  and  au2b  must  be  face  boundaries.  Also  since  mg  =  1,  it  follows  that  6  ~  Ui 
and  triangle  ui6c  is  a  face  boundary. 

4.1.  Suppose  Uo  =  1  and  nt,  =  ric  =  2. 

But  then  triangle  uiab  must  be  a  separating  345-triaJigie  which  is  a  contradiction. 

4.2.  Suppose  Ua  =  1,  fib  =  2  and  fic  =  3. 

Then  triangle  abc  is  a  separating  345-triangle. 

4.3.  Suppose  n-a  =  rib  =  2  J^nd  ric  =  1. 

Let  wi,  W2  be  the  2  exterior  neighbors  of  a.  Since  deg  a  =  6  and  G  is  MAXP,  it  follows 
that  6  ~  tt;2  ~  tui  ~  c  and  there  are  6  triangular  faces  at  a.  Points  6  and  Wi  are  adjacent 
since  deg  c  =  4.  But  then  G(6, u;2,U2j<=)  a  claw  at  6. 

4.4.  Suppose  ria  =  nj,  =  ric  =  2. 

Let  wi  and  be  as  in  Case  4,3,  Again  we  have  that  c  —  toi  ~  ti;2  ~  ^  and  G  has 
6  triangular  faces  at  a.  Since  there  is  no  claw  at  6,  points  c  and  u/2  must  be  adjacent. 
Moreover,  since  deg  c  =  5,  triangles  cti;i«;2  and  fccu>2  must  be  face  boundaries.  Hence  we 
obtain  a  7  point  graph  in  which  triangle  u;2ca  is  a  separating  345-triangIe. 

4.5.  Suppose  ria  =  nj,  =  2  and  ric  =  3. 

Again  let  it/i  and  be  as  in  Case  4.3.  As  before,  c~iui~u>2~fc  and  we  have  6 
triangular  faces  at  a. 

4.5.1.  Suppose  6  ~  lui. 

Then  deg  b  =  6  implies  that  there  are  6  triangular  faces  at  5.  Hence  {tyi,c}  must 
contain  a  cutset  of  G  contradicting  3-connectedness, 

4.5.2.  So  suppose  b  /  wi. 

Let  ws  be  the  second  exterior  neighbor  of  6.  Since  deg  6  =  6,  we  must  have  c  ~  twa  and 
W2  ~  it»3.  Also,  since  there  is  no  claw  at  6,  it  follows  that  c  ~  u/2.  But  then  G[c,  ui,u;i,u;3) 
is  a  claw  at  c. 

It  is  straightforward  to  see  that,  due  to  symmetry,  there  remains  only  one  additional 
case  to  treat. 

5.  Suppose  rria  =  mb  =  =  rib  =  =  2. 

Let  ui  and  U2  be  the  2  internal  neighbors  of  a.  Since  deg  o  =  6  by  MAXP  we  have 
that  c  ~  ui  U2  ~  6  and  triangles  acui,auiU2  and  au2b  are  face  boundaries. 

Suppose  b  ~  Ui.  Then  triangle  buic  is  a  face  boundary  and  hence  me  =  1,  contrary 
to  assumption.  So  6  uj.  By  symmetry  we  may  also  assume  that  c  /  U2  as  well.  So  let 
U3  be  the  second  interior  neighbor  of  6.  Since  mj,  =  2,  we  have  U2  ~  U3  ~  c  and  hence 
both  triangles  6U2U3  and  busc  are  face  boundaries.  Moreover,  since  me  =  2,  it  follows  that 
U]  ~  U3  and  that  triangle  cujus  is  a  face  boundary  as  well. 

Now  let  u/i  zind  11/2  be  the  2  exterior  neighbors  of  o.  Since  deg  o  =  6  we  may  assume 
that  c  ~  u/i  ~  u;2  ~  5  and  that  there  are  6  triangular  faces  at  a.  Since  there  is  no  claw  at 
a,  points  W]  and  6  must  be  adjacent.  But  then  G[a,u;2,U2,c]  is  a  claw,  contradicting  the 
hypothesis  and  completing  the  proof  of  the  theorem.  | 
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3.  Traversability  in  CFMAXP  Graphs 


Historically,  the  first  theorem  about  Hamilton  cycles  in  MAXP  graphs  seems  to  be 
the  following  classical  result  due  to  Whitney  [15]. 

Theorem  3.1.  If  G  is  MAXP  with  no  separating  triangle,  then  G  has  a  Hamilton 
cycle.  I 

As  is  customary,  let  us  denote  the  set  of  ail  points  adjacent  to  a  point  v  by  N{v)  and 
call  the  induced  subgraph  (v)]  the  neighborhood  graph  of  v  in  G.  Graph  G  is  said 
to  be  locally  n-connected  if  for  all  v  €  V(G)>  G[Af(v)]  is  n-connected. 

In  order  to  present  some  more  recent  results  on  traversability  in  MAXP  graphs,  we 
shall  need  the  following  easy  lemma  relating  MAXP  and  local  n-connectivity. 

Lemma  3.2.  Let  G  be  a  connected  planar  graph  with  1V^(G)|  >  4.  Then  G  is  MAXP 
if  and  only  if  G  is  locally  2-connected. 

Proof.  If  G  is  MAXP  and  v  €  V(G),  then  G[A^(t;))  is  a  cycle  and  hence  2-connected. 

To  prove  the  converse,  let  us  suppose  that  G  is  locally  2-connected,  but  has  a  face 
F  =  of  size  k  >  4.  Consider  N(ui).  Since  G  is  3-connected,  we  know  that 

N(ui)  contains  U2,Uk  and  at  least  one  other  point.  If  ui  ~  uy,  for  some  j,  2  <  j  <  k,  then 
{ui,uy}  is  a  2-cut  in  G contradicting  3-connectedness.  So  iV{ui)n{ui,. . .  ,Ufc}  =  {u2,u*). 

Let  V  be  a  third  neighbor  of  ui,  v  ^  {«2>Ufc},  and  let  G[iV(v)]  be  denoted  by  G„. 
Since  Gu  is  2-connected,  there  is  a  cycle  Z  through  points  U2  and  u*  where  Z  C  G^  and 
hence  Z  contains  only  2  points  of  the  boundary  of  face  F,  namely  U2  and  u*.  Now  cycle 
Z  can  be  thought  of  as  the  union  of  two  openly  disjoint  paths  Pi  U  P2  where  each  path  P,- 
joins  U2  to  Ufc,  but  V'(Pi)  n  V(P2)  =  {u2,Ufc}. 

Suppose  each  P,-  contains  at  least  3  points.  Then  Pi  U  P2  U  {uiU2,UfcUi}  U  {dF  —  ui) 
is  a  homeomorph  of  tiie  complete  bipartite  graph  JT2,4  and  since  P  is  a  face,  relabeling  Pi 
and  P2  if  necessary,  we  may  suppose,  without  loss  of  generality,  that  cycle  P2  U  [dF  —  ui) 
separates  any  point  on  Pi  —  U2  —  u*  from  ui.  But  this  contradicts  the  fact  that  w  is  a 
neighbor  of  ui.  So  Pi  —  U2  —  u*  =  0,  that  is,  Pi  is  just  the  single  line  U2U*.  But  then 
{u2,U)k}  is  a  2-cut  in  G  separating  Ui  from  U3  contradicting  the  3-connectedness  of  G.  | 

A  graph  G  is  panconnected  if  for  each  pair  of  distinct  points  u  and  v  in  G  and 
for  every  integer  m,  <i(u,v)  <  m  <  1V(G)|  —  1,  there  is  a  path  joining  u  and  v  of  length 
m.  A  graph  is  Hamiltonian  connected  if  each  pair  of  distinct  points  is  joined  by  a 
spanning  (i.e.,  Hamiltonian)  path.  A  graph  is  line-Hamiltonian  if  each  line  lies  on  a 
Hamilton  cycle.  A  graph  G  is  point-pancyclic  if  for  all  points  v  E  V’(G)  and  all  integers 
m,  3  <  m  <  |V(G)|,  there  is  a  cycle  of  length  m  containing  point  u. 

It  was  pointed  out  by  Clark  [l]  that  panconnected  =>  Hamiltonian  connected  =>• 
line-Hamiltonian  =»  Hamiltonian  and  panconnected  =>■  point-pancyclic  =>■  Hamiltonian. 

The  following  result  is  due  to  Kanetkar  and  Rao  (Theorem  4  of  [4]). 

Theorem  3.3.  If  G  is  connected,  locally  2-connected  and  claw-free,  then  G  is  pan- 
connected.  I 
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Using  this  result,  together  with  the  observations  of  Clark,  our  next  result  is  immediate. 

Corollary  3.4.  If  G  is  CFMAXP,  then  G  is  panconnected,  Hamiltonian-connected, 
line-Hamiltonian,  point-pancyclic  and  Hamiltonian.  | 


4.  Matching  in  CFMAXP  Graphs 

A  graph  G  on  p  points  is  bicritical  if  G  —  u  —  t;  has  a  perfect  matching  for  all  pairs  of 
distinct  points  u  and  v  in  G.  Such  graphs  play  an  important  role  in  a  canonical  theory  of 
the  decomposition  of  graphs  in  terms  of  their  maximal  (or  perfect)  matchings.  (Cf.  Lovdsz 
and  Plummer  [6].) 

Another  concept  closely  related  to  bicriticality  is  that  of  n-cxtendability.  (The  concept 
was  introduced  for  graphs  in  general  in  [lO]  and  later  studied  in  the  special  case  of  planar 
graphs  in  [llj  and  [3].)  Let  p  and  n  be  positive  integers  and  suppose  n  <  (p— 2)/2.  A  graph 
G  is  said  to  be  n-extendable  if  G  has  a  matching  of  size  n  and  every  matching  of  size  n 
extends  to  (i.e.,  is  a  subset  of)  a  perfect  matching.  If  G  is  not  bipartite,  then  the  following 
two  implications  hold.  G  is  2-extendable  =>•  G  is  bicritical  G  is  1-extendable.  The 
first  implication  follows  from  Theorem  4.2  of  {10|  and  the  second  implication  is  immediate 
from  the  definition  of  bicritical. 

Graphs  which  are  CFMAXP  can  be  categorized  nicely  with  respect  to  the  concepts 
of  2-extendability  and  bicriticality.  To  wit,  we  have  the  following  result. 

Theorem  4.1.  If  G  is  CFMAXP  and  |F(G)1  >  4  and  even,  then: 

(a)  G  is  bicritical  and 

(b)  G  either  is  not  2-extendable,  or  else  is  the  icosahedron  (which  is  2-extendable). 

Proof.  Let  u  and  v  be  any  2  points  in  G.  Then  by  Corollary  3.4  there  is  a  Hamiltonian 
path  P  joining  u  and  v  in  G.  Denote  this  path  by  P  =  (u  =  Ui)u2 '  •  •  U2k-i(u2k  =  v). 
Since  P  is  of  odd  length,  so  is  subpath  P'  =  P  —  u  —  v  =  U2’  •  •U2*_i.  But  then  M  = 
{u2U3,U4U6, . , .  ,U2fc_2U2*-i}  is  a  perfect  matching  for  G  — u  — v  and  hence  G  is  bicritical. 

On  the  other  hand,  it  is  easy  to  see  that  no  CFMAXP  graph,  other  than  the  icosa¬ 
hedron,  can  be  2-extendable.  Let  G  be  CFMAXP.  If  G  has  no  separating  345-triangle, 
appealing  to  Theorems  2.3  and  2.6,  we  see  that  there  are  only  15  graphs  to  check  and  it  is 
easy  to  see  that  the  only  one  of  these  which  is  2-extendable  is  the  icosahedron. 

Now  suppose  that  G  contains  a  separating  345-triangle  T  =  abc.  Then  it  contains 
such  a  triangle  with  exactly  1  point  on  its  interior.  Let  this  interior  point  be  d.  Now  let 
e  be  a  fifth  point  of  G  where  e  is  exterior  to  the  triangle  T  =  abc,  but  adjacent  to  one  of 
the  points  a,b  or  c.  Say,  without  loss  of  generality,  that  e  is  adjacent  to  a.  Then  clearly 
the  2  lines  be  and  ae  do  not  extend  to  a  perfect  matching.  I 
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